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We investigate matter collineations of plane symmetric spacetimes when 
the energy-momentum tensor is degenerate. There exists three interesting 
cases where the group of matter collineations is finite-dimensional. The mat- 
ter collineations in these cases are either four, six or ten in which four are 
isometrics and the rest are proper. 

PACS: 04.20GZ, 02.40Ky 

Let (M, g) be a spacetime, where M is a smooth, connected, Hausdorff 
four-dimensional manifold and g is smooth Lorentzian metric of signature (+ 

) defined on M. The manifold M and the metric g are assumed smooth 

{C°°). A smooth vector field ^ is said to preserve a matter symmetry [1] on 
M if, for each smooth local diffeomorphism 0f associated with ^, the tensors 
T and (p^T are equal on the domain U of (pt, i-e., T = (p^T. Equivalently, 
a vector field is said to generate a matter collineation if it satisfies the 
following equation 

£^Tab = 0, or Tab,cC + Tac^':b + TcbC':a = 0, (a, 6, c = 0, 1 , 2, 3) , (1) 
where £ is the Lie derivative operator, ^'^ is the symmetry or collineation 
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vector. Every Killing vector (KV) is an MC but the converse is not true, in 
general. A proper MC is an MC which is not a KV, or a homothetic vector. 

A large body of literature exists on classification of spacetimes according 
to their isometrics or Killing vectors and the groups admitted by them [2-5]. 
These investigations of symmetries played an important role in the classifica- 
tion of spacetimes, giving rise to many interesting results with useful applica- 
tions. As curvature and Ricci tensors play a significant role in understanding 
the geometric structure of metrics, the energy-momentum tensor enables us 
to understand the physical structure of spacetimes. Some recent investiga- 
tions [6-19] show keen interest in the study of matter coUineations (MCs). 
In the papers [15-19], the study of MCs has been taken for spherically sym- 
metric, static plane symmetric and cylindrically symmetric spacetimes and 
some interesting results have been obtained. In this letter, we find the proper 
MCs of non-static plane symmetric spacetimes when the energy-momentum 
tensor is degenerate. It turns out that this admits an MC Lie algebra of 4, 
6, 10 dimensions apart from the infinite dimensional algebras. 

The most general form of the plane symmetric metric is given in the form 

[4] 

ds^ = e^(*'^-)dt2 - e'^'^^^dx^ - e^(*'^)(rf2/2 + dz''), (2) 

where u, A and fi are arbitrary functions of t and x. The surviving compo- 
nents of the energy-momentum tensor are given as 

\ifi' + 2fiX) - \e^-W + - 2^^'X'), 

-^{2i:i' + fii^' -fiv' -fi'x), 

^(^'' + 2/iV') - ^e^-'^(4/i + ~ 2/i/>), 

^e^-''{2n" + n'^ - ii'X! + ii'v' - AV + i/" + 2v") 

^e^"''(2/i + ^2 - ^z) + /tA - z>A + A^ + 2A), 
T22. (3) 

The MC equations can be written as follows 

2Toiei + W° + Too,ie' + 2Tooe°o = 0, (4) 
Toi,oe° + Toieo° + rooe°i + ^oi,i^' +7^11^,0 + ^01^,1 = 0, (5) 



2oo — 

Toi = 

Tu = 

T22 — 

T33 — 
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^OoC,2 + ^01^,2 + ^22^,0 


= 0, 


(6) 


ToO^% + 7oiC,3 + ^22^,0 


= 0, 


(7) 


^11,0^° + SToiC? + Tu,ie + STiiCj 


= 0, 


(8) 


^0lC,2 + ^11^,2 + ^22^,^1 


= 0, 


(9) 


^0lC,3 + ^llC,3 + ^22Cfi 


= 0, 


(10) 


^22,0^° + ^22,lC^ + 2722^^2 


= 0, 


(11) 




= 0, 


(12) 


^22,0^'^ + ^22,1'^^ + 2T22^^3 


= 0. 


(13) 



These are the first order non-hnear partial differential equations in four 
variables ^''{x^). We solve these equations for the degenerate case, where 
det(rab) = and also we restrict ourselves with the assumption Tqi = 0. For 
the sake of simphcity, we use the notation Taa — Ta- The following two cases 
satisfy these assumptions: 

(I) SO{2,) ® R, where R = if and only if 

(a) i/ = i/(x), \ — \{x), iJL — 2\n.x or 

(b) v — v{x), A = 0, /x = 21na, 
where a is an arbitrary constant. 

(II) SO{2>) ® R, where R = if and only if 

(a) V = }j(t), \ = \{t), ii = 2\nt or 

(b) = 0, A - \{t), li = 21na. 

CASE I 

This case has the following two possibilities: 
(la) z/ = z/(x), A = A(.x), /i = 21na;, 
(lb) z/ = zy(x), A = 0, // = 21na. 

Case (la): Here we solve MC Eqs.(4)-(13), when at least one of — 0. 
This can be classified in the following three main cases: 

(1) When only one of 7^ 0, 

(2) When two of r„ 0, 

(3) When three of T„ ^ 0. 
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Case (1): In this case, there could be further two possibihties: 

(la) To 7^0, Ti = 0, (2 = 1,2,3), 
(lb) Ti^O, T, = 0, (j = 0,2,3). 

When we solve MC equations of the case 1, we obtain infinite dimensional 
MCs for all the possibilities. 

Case (2): This case admits the following two subcases: 
(2a) r, = 0, T,^0, (£ = 0,1), 
(2b) Te^O, Tfc = 0, (A; = 2, 3). 

After some algebra, we arrive at the conclusion that this case also leads to 
infinite dimensional MCs in all the options. 

Case (3): This is an interesting case of the degenerate energy-momentum 
tensor which gives some finite dimensional MCs. Here we take only one com- 
ponent of the energy-momentum tensor equals to zero. The two possibilities 
arc the following: 

(3a) ro = 0, r,^0, (^ = 1,2,3). 
(3b) Ti = 0, Tj^O, (i = 0,2,3). 

Case (3a): All the possibilities arising from this case yield infinite dimen- 
sional MCs. 

Case (3b): This case explores further four possibilities: 

(i) To = constant 7^ 0, T2 — constant ^ 0, 

(ii) To,i 7^ 0, T2 = constant ^ 0, 

(iii) To = constant ^ 0, T2,i 7^ 0, 

(iv) To,i7^0, T2,i^0. 
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The cases 3b(i-iii) yield infinite dimensional MCs but the case 3b (iv) gives 
finite dimensional MCs. When we solve the MC equations under the assump- 
tions of this case, we further obtain the following three options: 

/ X T01T2 f'^o\' , rx 

-t2,l-t0 \i2/ 

(**) To = mT2, (***) (^^) 7^0, 
where m is an arbitrary constant. In the first option, MCs turn out to be 



C(i) = dt, ^(2) = dy, ^(3) = d^, ^(4) = zdy - yd^, 
2T 

C(5) = tdt - 7^0^, ,^(6) = i{zdy - yd^). 
J 0,1 



(14) 



This gives six independent MCs out of which two are proper MCs. The Lie 
algebra has the following commutators: 

[^(1) , C(5) ] = ^(1) , [^(2) , C(4) ] = -C(3) , [C(2) , C(6) ] = - iC(3) , 



[C(3),^(4)] = ^(2), [^(3), ^(6)] = iC(2), = 0, (otherwise). 

For the second possibility, we obtain six proper MCs given by 



^(5) 
^(7) 
^(9) 



2T 1 
tydt - T^yd^ + -{y"^ - - mt^)dy + yzd^ 

-t2J ^ 



1 

m 

tzd, 2T2^^, , 1,^,, _2 



= tdf. 



T2,l 

2T2 

T2A 



zd^ + yzdy- -{y -z - mt )d^, 



dx + ydy + zd^, 



1 2T 
— {y^ + z^- me)dt + ^ta, - tydy - tzd„ 

—ydt - tdy, ^(10) = —zdt- td^. 
m m 



The Lie algebra is given by 

[C(l) , ^(5)] ^ C(9) , [^(1) , C(6)] = "^{(10) , [C(l) , C(7)] = C(l) , 



(15) 
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[C(1),C(8)] = -C(7), [C(1),C(9)] = -C(2), [C(1),C(10)] = -C(3), 
[^(2) , C(4)] = -C(3) , [^(2) , C(5)] = —^(7) , [^(2) , ^(6)] = C(4) , 

[?(2) , ^(7)] = '^(2) , [C(2) , C(8)] = ^(9) , [C(2) , <^(9)] = —^(1) , 

lit 

[C(3), C(4)] = C(2), [^(3), C(5)] = -^^(4)' [^(3), C(6)] = C(7), 
[C(3),^(7)] = C(3), [C(3),C(8)] = ^(10), [C(3),^(10)] = ^C(l), 
[^(4) , ^(5)] = — ^(6) , [^(4) , ^(6)] = -"^^(5) , [^(4) , ^(7)] = C(4) , 

lib 

['C{4),C(10)] = -C(9), [C(5),^(7)] = C(5), [C(5),C(9)] = ^ZT ^(8)> 

lit 

, C(7)] = C(6) , [^(6) , C(10)] = -C(8) , [^(7) , C(8)] = C(8) , 
[C(8) , C(9)] = C(5) , [C(8) , C(10)] = ^^(6) , [^(9) , C(10)] = ^C(4) , 

[•^(O'^O)] = 0' (otherwise). 

The last option yields four independent MCs which are the usual KVs of the 
static plane symmetry. 



CASE II 

This case has two subcases 

(a) V = v{t), A = \{t), n^2\nt, 

(b) j/ = 0, A = A(t), /x = 21na. 

Case(IIa): The other possibihties can be classified in the foUowing three 
main cases: 

(1) When only one of Ta 7^ 0, 

(2) When two of Ta ^ 0, 

(3) When three of T„ ^ 0. 

The cases (1) and (2) lead to infinite dimensional MCs in all the possibilities. 

Case (3) : This case of the degenerate energy-momentum tensor yields some 
finite dimensional MCs. The following two possibihties arise: 

(3a) To = 0, T, ^0, (2 = 1,2,3). 

(3b) Ti^O, T,-^0, (j = 1,2,3). 

Case (3a): This case further leads to the following four possibihties: 

(i) Ti = constant 7^ 0, T2 = constant ^ 0, 

(ii) ri,o 7^ 0, 7^2 = constant ^ 0, 

(iii) Ti = constant ^ 0, T2fi 7^ 0, 

(iv) Ti,o ^ 0, T2,o ^ 0. 

The cases 3a(i) and 3a(n) yield the infinite dimensional MCs. 

Case (3aiii): When we solve MC equations simultaneously for this case, we 
obtain the following finite dimensional MCs 

C(i) = ^o;, C(2) = dy, ^(3) = 5^, ^(4) = zdy - ya^, 

C(5) = yd^c-mxdy, ^^q) ^ zd^ - mxd^. (16) 
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We obtain six independent MCs. The corresponding Lie algebra has the 
following commutators: 

[^(1) , ^(6)] = -m^i3) , [^(1) , ^(5)] = -m^{2) , [^(6) , C(5)] = -"^^(4) , 
[■^(6) , ?(4) ] = -^(5) , ['^(6) , ?(3) ] = -^(1) , [C(5) , C(4) ] = "^(6) , 
[^(5) , C(2)] = -^(1) , [^(4) , C(2)] = ^(3) , [^(4) , ^(3)] = "^(2) , 

[^(i)'^(i)] = 0' (otherwise). 

Case (3aiv): This case turns out exactly the same as (Saiii). 
Ceise (3b): This case leads to infinite dimensional MCs. 
Case (lib): It is similar to the case II(2a). 

In a recent paper [19], some interesting results have been obtained when 
we classify static plane symmetric spacetimes according to their energy- 
momentum tensor. This idea has been used to find the proper MCs of 
non-static plane symmetric spacetimes for the degenerate case only. It is 
worth mentioning that we have found four such cases having either four, six 
or ten independent MCs. The results are summarized in the form of table 1. 

Table 1. MCs for the Degenerate Case (only finite cases) 



Cases 


MCs 


Constraints 


I3biv(*) 


6 


Ti=0, T^^O{j = 0,2,3), T^^O, g^O, (|) V 


I3biv(**) 


10 


Ti = 0, T, y^O,T^^ 0, To = mT2, 7^ 


I3biv(***) 


4 


Ti = 0, T, ^ 0, ^ 0, 7^ 


II3a(in) 


6 


To = 0, Ti,o 0, T2,o 0, Ti = mTs 



This shows that each case has different constraints on the energy-momentum 
tensor. When the rank of Ta is 3, i.e. Ti = 0, we obtain the following metric 



ds^ = e^'de - dx" - e-^'idy^ + dz^), (17) 

where i/ is an arbitrary function of x only. It can be easily verified that this 
class of metrics represent perfect fiuid dust solutions. The energy-density for 
the above metrics is given as 

p= (2z/"-3z/'2)e^, (18) 
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We can conclude that when the rank of Tab is 1 or 2, all the possibilities 
yield infinite dimensional MCs. If the rank of Tab is 3, this leads to some 
possibilities of finite dimensional MCs. It would be interesting to classify 
plane symmetric spacetimes according to their MCs for the non- degenerate 
case and then removing the assumption Tqi = 0. All these problems would 
be investigated as a separate issue. 
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